Preface
These lecture notes are devoted to questions of the behaviour, when t --+ 00, of trajectories vt (v) , t E R+ = [0,00) for semigroups {vt, t E R+, X} of nonlinear bounded continuous operators vt in a locally non-compact metric space X and for solutions of abstract evolution equations. The latter contain many boundary value problems for PDE (partial differential equations) of a dissipative type.
In contrast to the traditional theory of the local stability of PDE (i.e. in the vicinity of a solution) we study the behaviour of all trajectories or solutions for the problems and give a description of the set of all limit states. We will not make assumptions either about the smallness of the parameters in the problem or on the closeness of the problem to a linear one, neither will we consider any other condition that ensures that all the solutions of the problem tend to some special solution. Our purpose is to develop a global theory of stability for problems of mathematical physics with dissipation. The principal ideas in this subject were formulated in paper [1] and I follow them here. The object of paper [1] concerns boundary value problems for Navier-Stokes equations. This object helped us to understand which properties of semigroup {vt, t E R+, X} imply the compactness of the set of all limit states (or, which is the s~me, the minimal global Battractor), its invariance, the possibility of continuing the semigroup restricted on M to the full group on M and a finiteness of dynamics {vt, t E R = (-oo,+oo),M}.
The latter was a source of investigations of the finiteness of dix Preface mensions of compact sets in the Hilbert space X which are invariant under a nonlinear bounded operator V enjoying some special properties. The paper by was the first one in this direction. In the paper by Douady and Oesterle [3] , the Hausdorff dimension (dimH A) of such sets A was estimated for a wider class of operators V. Although the full proof in [3] was done for the case of a Euclidean space X =Rn, the authors pointed out that it may be generalized to the case of a Hilbert space X.
After these papers many works devoted to such question were published ([4]-[10] , etc.). In the first part of Chapter 4 we evaluate Hausdorff and fractal dimensions of compact invariant sets following the approach of paper [3] (see [11] ). In the second part of Chapter 4 we show how to verify the conditions of our theorems in the case of semigroups generated by evolution equations.
Let us mention that in paper [6] there is a theorem with a very short and clear proof which was used for estimating both dimH A and the fractal dimension for many PDE of different types. But majorants obtained through this theorem are worse than majorants deduced from theorems of Chapter 4 (see Part II of these lectures and [11]). We do not give here the full list of papers relating to attractors of PDE. In the eighties several papers on this subject have been published, and the number continually increases. A survey of the relevant papers published before 1986 can be found in [12] . I would like to point out that there are many connections between the results of Chapters 2 and 3 and the results of American mathematicians from Brown University. The latter were developed in the process of studying ODE (ordinary differential equations) with delay and abstract discrete semigroups. 
It is easy to verify that Vi(')'+(A)) = ')'t(A).
The curve ')'+(x) is called the positive semi-trajectory of x. The collection of all bounded subsets of X is denoted by B.
We use the letter B (with or without indices) to denote the elements of B, i.e. the bounded subsets of X.
A (respectively, B-dissipative) if it has a bounded global attractor (respectively a bounded global B-attractor).
Our main purpose here is to find those semigroups for which there is a minimal closed global B -attractor and investigate properties of such attractors. These attractors will be designated by M. We shall examine also the existence of a minimal closed global attractor M. It -.
-.
is clear that M C M and later on we will also verify that M might be just a small part of M.
The concept of invariant sets is closely related to these subjects. We
A set A C X is called absorbing if for every x E X there exists a
In our investigation of the problems concerning the attraetors M -.
and M the concept of w-limit sets will play a fundamental role. For
is, by definition, the set of all y E X such that y = lim vt k (x) for a sequence tk / ' +00.
10_00
The w-limit set w(A) for a set A C X is the set of the limits of all converging sequences of the form Vik(Xk), where Xk E A and tk / +00.
An equivalent description of the w-limit sets is given by 
."t(A) is connected since it is the continuous image of [t, +00) x A (under the mapping (r, x)Ṽ T(x)). So for all t > t1 either .."t(A) C Of(Fd or .."t(A) C Of(F 2 ).
Consequently, either w(A) C F 1 or w(A) C F 2 , hence either F 1 = 0 or F 2 =0; this is a contradiction. Thus, w(A) must be connected.
• By definition, a complete trajectory ..,,(x) of the point x is the curve x(t), -00 < t < +00, satisfying the following conditions: x(t) E X for all t E R, x(O) = x, VT(x(t)) = x(t +r) for all t E Rand r E R+. The set ..,,-(x) = {x(t), -00 < t < O} is called a negative semi-trajectory ofx. Thus, ..,,(x) = ..,,+(x)U..,,-(x). In general, for an arbitrary x E X, a complete trajectory ..,,(x) may not exist and even if it does, it might be not unique. However the following statement is true. We omit the proof of the lemma since it is traditional. Let us describe only the construction of ,(x), x E A. For x E A there is at least one point X-1 E A for which V1(X-1) =x; for X-1 there is a point X-2 E A for which V1(X-2) =X-1 and so on. Let us join the points X-k-1 and X-k by the curve {Vi (x-k-t}, t E [0, In. The collection of all these curves for all k = 0,1, ... forms ,-(x) and 
Lemma 2.1

Let A be an invariant set (i.e., lIt(A) = A for all t E R+
x(t) = Vi+k+1(x-k-t}, for t E [-k -1, -k].
> t1(t:) + T(B). Hence, w(B o )
is a closed global B-attractor. It is minimal due to Theorem 2.1 (iv).
Thus, w(B o ) = M.
Assume now that the semigroup {\It} is B-dissip'ative and B 1 is its bounded global B-attractor. Then Of1 (Bt) (with t:1 > 0) is a global B-absorbing bounded set, and due to the first case M =W(Of1 (Bt}).
Consider now a more complicated situation. Suppose that {Vi} is a bounded and pointwise dissipative semigroup. In particular, there is a bounded global attractor, say B 2 . Choose t:2 > 0, and put B 1 := Of~(B2) and B o := ,+(BI). We are going to prove that w(B 1 ) = M is the minimal global B-attractor.
Indeed, since B 2 is a global attractor, for every point :I; E X there is 
(iv).
If there is a connected B :) M then M is connected since vt (B), t E R+ are connected and for any f (ii) Since M and weB) for each B E B, are invariant compact sets, (ii) follows from (i). • The structure of M is simpler than in the general case, if for the semigroup {vt, t E R+, X} there is a "good" ("strong") Lyapunov function, i.e. a continuous function £: X --+-R which strongly decreases along each ,+( • Now we pass to the semigroups of class AK.
